Abstract: Extraordinary rays in a hyperbolic metamaterial behave as particle world lines in a three dimensional (2+1) Minkowski spacetime. We analyze electromagnetic field behavior at the boundaries of this effective spacetime depending on the boundary orientation. Very recently it was demonstrated that mapping of monochromatic extraordinary light distribution in a hyperbolic metamaterial along some spatial direction may model the "flow of time" in a three dimensional (2+1) effective Minkowski spacetime [1, 2] . To better understand this effect, let us start with a non-magnetic uniaxial anisotropic material with dielectric permittivities ε x = ε y = ε 1 and ε z = ε 2 , and assume that this behaviour holds in some frequency range around ω=ω 0 . Any electromagnetic field propagating in this material can be expressed as a sum of the "ordinary" and "extraordinary" contributions, each of these being a sum of an arbitrary number of plane waves polarized in the "ordinary" (E perpendicular to the optical axis) and "extraordinary" (E parallel to the plane defined by the k-vector of the wave and the optical axis) directions. Let us define our "scalar" extraordinary wave function as ϕ=E z so that the ordinary portion of the electromagnetic field does not contribute to ϕ. Since metamaterials exhibit high dispersion, let us work in the frequency domain and write the macroscopic Maxwell equations as
"ordinary" and "extraordinary" contributions, each of these being a sum of an arbitrary number of plane waves polarized in the "ordinary" (E perpendicular to the optical axis) and "extraordinary" (E parallel to the plane defined by the k-vector of the wave and the optical axis) directions. Let us define our "scalar" extraordinary wave function as ϕ=E z so that the ordinary portion of the electromagnetic field does not contribute to ϕ. Since metamaterials exhibit high dispersion, let us work in the frequency domain and write the macroscopic Maxwell equations as Let us consider the case of constant ε 1 >0 and ε 2 <0, and assume that this behavior holds in some frequency range around ω=ω 0 . Let us assume that the metamaterial is illuminated by coherent CW laser field at frequency ω 0 , and we study spatial distribution of the extraordinary field ϕ ω at this frequency. Under these assumptions eqs. (1) can be rewritten in the form of 3D Klein-Gordon equation describing a massive scalar ϕ ω field: (2) in which the spatial coordinate z=τ behaves as a "timelike" variable. Therefore, eq.(2) describes world lines of massive particles which propagate in a flat (2+1) Minkowski spacetime. If an interface between two metamaterials is engineered so that the effective metric changes signature across the interface, two possibilities may arise (Fig.1) . If the interface is perpendicular to the time-like direction z, this coordinate does not behave as a "timelike" variable any more, and the continuous "flow of time" is interrupted. This situation (which cannot be realized in classic general relativity) may be called the "end of time". It appears that optics of metamaterials near the "end of time" event is quite interesting and deserves a detailed study. For example, in the lossless approximation all the possible "end of time" scenarios lead to field divergencies, which indicate quite interesting linear and nonlinear optics behaviour near the "end of time". On the other hand, if the metamaterial interface is perpendicular to the space-like direction of the effective (2+1) Minkowski spacetime, a Rindler horizon may be observed (Rindler metric approximates spacetime behaviour near the black hole event horizon). If the gain medium is used to compensate metamaterial losses this effective Rindler horizon produces an analogue of Hawking radiation. Experimental observations of the "end of time" using plasmonic metamaterials (Fig.2) are consistent with our theoretical model. 
